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In this note He prove that the coherent homotopy category X, over a fixed space B with morphisms 
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Central to various applications of homotopy theory is the category of spaces over 
a fixed space B. The importance of this category, that we will denote Top,, is that 
a “space over B” is a continuous mapping, f: X + which therefore can be 
considered as a continuously varying family of spaces, namely the fibres, (f-‘(b): b E 
B}. The classical definition of homot bre homotopies, that is 
homotopies over B, and while conv oses, the corrrq?n 
homotopy category su___  _ ers frcpm several iSCUSSl2~ -33 $qi- 
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The category Top, can be considered as a subcategory of a category of diagrams, 
the indexing category being the ordered set [I] = (0 < 1). The homotopy theory of 
categories of diagrams was studied thoroughly by Edwards and Hastings [7]. The 
homotopy category Ho(Top’) of ti- d rACI&gram category Top’ for a small category I
is obtained in their system by inverting those diagram maps which are at each level 
a homotopy equivalence. There is a category Ho(TopB) that can be obtained from 
Ho(Top[‘]) in the same way as Top, is a subcategory of Top! Explicitly one 
constructs it by formally inverting the maps over B that are homotopy equivalences, 
that means Ho(Top& is the category of fractions Top&-‘) where C is the class 
of those morphisms of Top, whose underlying map of spaces is a homotopy 
equivalence. This category has a nicely behaved homotopy theory but until now 
there has been no “concrete” description of the morphisms in this category. 
This was unfortunate as it meant that the composition of the formal maps that 
are the morphisms of Ho(TopB) was difficult to describe in geometric terms. 
A similar problem arises with the geometric meaning of the formal inverses of 
maps in Top,. 
In [8] the first two authors introduced a category, gyPB, that they called the track 
homotopy category over B, in an attempt o obtain a homotopy category of spaces 
over B that would have better formal properties than the usual one. The objects of 
this category, &, are the spaces over R as before but the morphisms from f to g 
say are certain equivalence classes of diagrams 
4 
X-Y 
I I J 
h, 
/ 8 
B =B 
with h, a homotopy from f to g+ In this note we will show that this category %‘B 
is isomorphic to the category Ho(TopB) of formal morphisms over B. 
This result although to our knowledge new should best be seen as being a special 
case of a relative version of Vogt’s theorem on homotopy coherent diagrams. This 
states that the category fIo(Top’) mentioned earlier is equivalent o a category of 
homotopy coherent diagrams and homotopy classes of homotopy coherent maps 
between them. Vogt proved this result in 1973 (cf. [ll]). Cordier in [2] simplified 
Vogt’s description of homotopy coherent diagrams and with the third author [4] 
provided a new and simpler proof of Vogt’s main result. Cordier has also proved 
a stronger esult in [3] where an isomorphism of categories with explicit formulae 
for composites is given. It seems likely that our result can be derived from his 
theorem, but as our situation is more specific it seeems worthwhile giving an 
elementary proof using just the basic ingredients of elementary homotopy theory 
such as the mapping cylinder construction, its dual and Dold’s theorem. A com- 
parison of this proof with the sort of calcu!ations needed for the general case of 
Vogt’s result shows the same arguments being used there as here. This perhaps 
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suggests how a relative form 
might be proved. 
of Vogt’s result and the refinement due to Cordier 
1. The coherent homotopy category over B 
Let B be a topological space. Then the coherent homotopy category ar9, over I? 
has been defined in [S] and called track homotopy category over B there. The 
objects of ZB are the maps over B, i.e. the maps f: X + B with codomain B. If 
f: X+ B9 g: Y + B are maps over B, then the set ZB(f; g) of morphisms f+ g of 
ZB is obtained from the set of homotopy commutative squares of the form 
B= B, 
where {h,} is the track (relative homotopy class) of a homotopy h, : f = g4, by 
factoring out by the equivalence relation 
4 
X-Y 
I I 1 
@,I 
f g h 
. 
B =B 
Y 
B= 
where 41 : 4 = 4’ is a homotopy and the diagram on the right is the composite in 
the obvious sense of the two squares. The morphism f + g of %& represented by 
diagram (1) is denoted by (4, h,}. Composition in ZB is induced by composing 
homotopy commutative squares in the obvious sense. 
It has been shown in [8] that RB has favourable formal properties and is convenient 
for handling topics in homotopy theory such as homotopy pullbacks, Dold’s theorelra 
on fibre homotopy equivalences and the homotopy theorem for fibrations. 
Since in ZB isomorphisms are characterized by diagrams (I) such that 4 is an 
ordinary homotopy equivalence (see [ 8, Theorem 1.31) the natural question arises 
if Z” can be interpreted as a suitable category of fractions obtained by formally 
inverting homotopy equivalences. 
. Categories 0
Let % be a category, and 
ugundji in [I] have 
be any class of its 
268 K.A. Hardie et al. 
denote by %&Z-l) together with a functor 
such that the following properties hold: 
(CO) The category %(Z-‘) has the same objects as Ce and q is the identity on 
objects. 
(Cl) If UEZ, then v(u) is invertible in %‘(Z-‘). 
(C2) If y : % + 9 is any functor to any category 9 such that y(u) is invertible 
for each u E Z, then there exists a unique functor 7 : %(T’) + 9 such that y = 7~. 
The morphisms of %(Z -‘) are obtained from chains of morphisms of % of the form 
where the ui are all in C by factoring out by an equivalence relation based on two 
replacement operations called “pushout” and “pullback”. For details we refer the 
reader to [ 1, Appendix]. 
In what follows we will start from the category Top, of spaces over B where B 
is a fixed topological space (see [ 5, (0.1 1 ), (0.12)]). Recall that Top, has the same 
objects as ZB, i.e. the maps f: X + B with codomain B. If f: X + B, g : Y + B are 
maps over B then a morphism over B t#~ : f + g is a commutative square in Top of 
the form 
4 
X-Y 
f 
I I 
B 
(2) 
B - B. 
We will assume that the reader is familiar with the basic notions of homotopy 
theory in Top 5 such as homotopy over B (= B) and homotopy equivalence over B 
(see 15, (0.22), (0.24)]). However, we define the class Z to consist of those morphisms 
over B 4 :f+ g such that 4 regarded as a map 4 : X + Y is a homotopy equivalence. 
Thus an element of C is not necessarily a homotopy equivalence over B. We will 
be interested in the category of fractions Top&-‘) and the canonical functor 
We list some properties of To~&-‘)~ 
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Lemma 2.1. If@, #:f + g are morphisms over B such that 4 =B $, then q(4) = q(e). 
Proposition 2.2. Every morphism in Top,(X’) can be written as a left fraction 
~(u)-‘d4), where 
is a diagram in Top, such that u (as a map X + Y) is a homotopy equivalence. 
Note that Lemma 2.1 and Proposition 2.2 can be proved by adapting the arguments 
in [ 10, A.11 in a similar situation. The proof of Proposition 2.2 uses the construction 
of double mapping cylinder in the category Top B. 
We will need the following refinement of Proposition 2.2. 
Corollary 2.3. In Proposition 2.2 g can be chosen as a jibration. 
Proof. By Proposition 2.2 every morphism in Top&-‘) can be represented by a 
diagram in Top, 
f[‘[A; 
(3) 
B -- -B =B 
such that u is a homotopy equivalence. The map g can be factorized as Y L E 5 B 
where j is a homotopy equivalence and p is a fibration (see for example [5, (5.27)]). 
This gives rise to a morphism over B 
i 
Y-E 
g 
I 1 
P 
B = B. 
Then by a “pushout” operation (see [ 1, Appendix]) diagram (3) is equivalent o 
B =B =B. 0 
3. The result 
We are now in a position to state the result of this paper. 
Theoram 3.1. &et B be 0 topological space. Tk32 the tria ~2 homoi~jij; category %fB over 
B is isomorphic to the category offractions Tog,(27’) wlzav ,% is t 
over B 4 : f + g such that 4 : 
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Let y : Top. + ar9, be the functor which is the identity on objects and maps 
a commutative diagram (2) into the class in ZB of the same diagram equipped with 
the homotopy class of the constant homotopy S-J: Then by [8, Theorem 1.31 y( 4) 
is an isomorphism of ZB for each c$ E C. Thus by property (C2) there exists a unique 
functor y : Top&-‘) + GVB which makes the diagram 
commutative. Note that ji is the identity on objects. 
We claim that 7 is an isomorphism. In order to prove that we show that 7 is full 
and faithful. 
For the proof we need the following fact which can be read off from [S], 
Proposition 1.2 and the proof of Theorem I .3. 
Fact 3.2. 1f in the commutative diagram (2) 4 is a %Tstopy equivalence, then y( 4)~’ 
is represented by any diagram 
B =B 
where 4’ is any homotopy inverse of 4 and cy, : &jb’ = 1 y is any homotopy. 
In order to prove that 7 is full, we assume that diagram (1) represents a morphism 
{ 4, h,} :f+ g of &. We consider the mapping cylinder M4 of 4 which is obtained 
from the topological sum X x [0, l] + Y by identifying (x, 0) with 4(x) for each 
x E X. Thus we have a pushout in Top 
where jO( x) = (x, 0) for all x E X. Here j is a omotopy equivalence (see [ 5, ( 1.26)]). 
By the pushout property we get a map k : Mb + B such that hj = g and hk, a ;I,_,. 
Thus we obtain a diagram in TOPI3 
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x- 
i 
-Y 
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B= B =B 
such that j is a homotopy equivalence. 
We claim that 7 maps r)( j)-‘q( k,) to (4, h,}. In order to see this let q: M4 + Y 
be the unique map such that Q = 1 Y and Sk, is the constant homotopy at 4. Then 
q is homotopy inverse to j (see [5, (1.26)]). We construct a suitable homotopy 
a,:jq= lM,. First we choose a map 
h:Xx[O,1]x[O,1]+M, 
such that 
h(x. 4 0) = A@, 0, t) = j+(x), 
h(x, 1, t) = h(x, t, 1) = k,(x) 
for all x E X, t E [0, 11. Since the product with the unit interval [0, l] preserves 
pushouts we get a map 
a,:M+x[O,l]+M+ 
induced by h and jopry : Y x [0, l] + M,, where pry is the projection onto the first 
factor. Then 0, : jq = 1 Mb as desired. By Fact 3.2 
P(~(j)-17(kl)) = y(j)_‘y(k,) 
is represented by the diagram 
f 
k, Y 
I i 
A straightforward computation shows that this diagram is e uivalent to the give* 
diagram (1). 
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In order to prove that 
commutative diagrams in 
respectively 
c 
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7 is faithful we may start, by Corollary 2.3, from two 
TOP 
U 
X --Lye--w 
i I 1 8 
B =B -B 
+ V 
x-z-w 
4 kl ih 
(4) 
(5) 
where U, v are homotopy equivalences and g, k are fibrations and prove that 
rw-‘rw = YW”YW 
implies 
We consider first the special case that h too is a fibration. Then by a theorem of 
Dold [6,6.1] u and v are homotopy equivalences over B. Let u’ respectively v’ be 
a homotopy inverse over B to u respectively v and let cy, : uu’ = B 1 y, p, : vv’ = B lz 
be homotopies over B. Then, since gac, is the constant homotopy at g, y(u)-’ is 
represented by the commutative diagram 
B =B 
with the track of the constant homotopy at g; similarly for y(v)-‘. Hence y(u)-’ y( 4) 
respectively (v)-’ y(e) are represented by the diagrams 
g 
I I (6) 
B =B =B 
respectively 
(7) 
The assumption 74 u)--’ ~(4) = y( u)--’ y( J/) implies that there is a homotopy S, : U’C#I = 
v’$ such that 
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X 
f I k i 
B BB------- 
II 0' 
-2-w 
I h 
B 
= 
f I 8 
u’ 
Y- 
I 
W 
II 
W 
I h 
B =B------- B. 
This means that the track of h& is the track of the constant homotopy at J: Since 
h is a fibration, [9, Lemma 3.71 implies ~‘4 zB tf’+, hence 
by Lemma 2.1. Thus diagram (6) is equivalent o diagram (7). On the other hand 
using the relation M’U = B 1 w and a “pullback” operation (see [ 1, Appendix]) it is 
easy to see that diagram (6) is equivalent o diagram (4), similarly diagram (7) is 
equivalent o diagram (5). Thus diagram (4) is equivalent o diagram (5). The desired 
equality 
follows. 
The general case of an arbitrary map h : W-, B is reduced to the previous one 
by factorizing h is a homotopy equivalence j followed by a fibration p. This gives 
rise to the morphism over B j : h + v. In the diagram 
s(i), I I r(i), 
T~p,A~-‘NX P) 7 %(f; P) 
which is easily seen to be commutative the vertical arrows induced by postcomposi- 
tion are bijections, since q(j) respectively (j) are isomorphisms. Hence the u 
horizontal arrow 7 is injective, since we have proved that the lower one is. 0 
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